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A complete axiomatization of infinitary first-order
intuitionistic logic over Lκ+,κ
Christian Esp´ındola
Abstract
Given a weakly compact cardinal κ, we give an axiomatization of intuitionistic
first-order logic over Lκ+,κ and prove it is sound and complete with respect to
Kripke models. As a consequence we get the disjunction and existence properties
for that logic. This generalizes the work of Nadel in [Nad78] for intuitionistic logic
over Lω1,ω. When κ is a regular cardinal such that κ
<κ = κ, we deduce, by an easy
modification of the proof, a complete axiomatization of intuitionistic first-order
logic over Lκ+,κ,κ, the language with disjunctions of at most κ formulas, conjunc-
tions of less than κ formulas and quantification on less than κ many variables. In
particular, this applies to any regular cardinal under the Generalized Continuum
Hypothesis.
Keywords : infinitary logics, completeness theorems, intuitionistic logic
1 Introduction
Completeness theorems for infinitary intuitionistic logics begun to be studied by the
end of the 1970’s. While systems for fragments of full first-order infinitary intuitionistic
logic were considered by Makkai in [Mak90] and the author in [Esp19], the completeness
for the full first-order case has been first considered by Nadel, who in [Nad78] developed
infinitary intuitionistic logic for countable many conjunctions/disjunctions and finite
quantification, proving completeness with respect to the infinitary version of Kripke
semantics. His results essentially show the completeness of intuitionistic Lω1,ω when
augmented with the following axiom:
∧
i<γ
(φ ∨ ψi) // φ ∨
∧
i<γ
ψi (1)
Axiom (1) is forced in every Kripke model, but is in general not valid in Heyting al-
gebras; hence it has to be adopted. The purpose of this paper is to provide a complete
axiomatization of intuitionistic logic over the language Lκ+,κ whenever κ is a weakly
compact cardinal, with respect to Kripke models. We will see that the result of Nadel
is not particular of Lω1,ω but in fact holds for any language Lκ+,κ where κ is weakly
compact, provided the system is suitably augmented with intuitionistic rules valid in all
Kripke models, which for κ = ω turn out to be provable from the other axioms. Hence,
these results are a direct generalization of the results in [Nad78]. As a consequence
we obtain the disjunction and existence properties for our logic, supporting its con-
structive character. Also, by restricting the language to Lκ+,κ,κ (that is, only allowing
conjunctions of less than κ many formulas), the resulting axiomatization reduces to
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one that is complete, for Kripke semantics, whenever κ<κ = κ, not necessarily weakly
compact.
Finally, we should mention that the author has obtained in [Esp19] a strong complete-
ness theorem for intuitionistic logic over Lκ,κ whenever κ is a weakly compact cardinal.
A pertinent observation is that in this paper whenever we talk about completeness we
always refer to weak completeness, i.e., valid sentences being provable (in the empty
theory). This is of course equivalent to having completeness for theories axiomatized
by at most κ many axioms, since the conjunction of those axioms is expressible in the
language of Lκ+,κ. As noted already in [Esp19], this is best possible in terms of the
cardinality of the theories involved, since we will see that there are theories with κ+
many axioms that are consistent but have no Kripke model.
This work is a continuation of the investigation begun in [Esp19] on infinitary first-
order categorical logic, but except for the adaptation of Joyal’s completeness theorem,
the proofs will only use lattice-theoretic methods on this ocassion. The naturality of the
given axiomatization, of course, is motivated by the category-theoretic interpretation.
The structure is as follows. We first introduce the system for infinitary intuitionistic
logic over Lκ+,κ. We then work with a coherent fragment of our system and prove it
is complete with respect to set-valued models whenever κ is weakly compact. This is
based on a development of an infinitary version of Priestley duality for certain lattices,
together with a topological approach to a Rasiowa-Sikorski type result. As a conse-
quence, we obtain also the completeness of the full system with respect to validity in
Kripke models.
1.1 Infinitary first-order systems
Let κ be a regular cardinal such that κ<κ = κ. The syntax of κ-first-order logic consists
of a (well-ordered) set of sorts and a set of function and relation symbols, these latter
together with the corresponding type, which is a subset with less than κ many sorts.
Therefore, we assume that our signature may contain relation and function symbols on
γ < κ many variables, and we suppose there is a supply of κ many fresh variables of
each sort.
We use sequent style calculus to formulate the axioms of κ-first-order logic, as can be
found, e.g., in [Joh02], D1.3. A sequent φ ⊢x ψ is however equivalent to the formula
∀x(φ //ψ), though we find it convenient to keep the sequent notation since it is closer
to the categorical semantics that will be used in the proofs. The system is described in
the following:
Definition 1.1.1. The system of axioms and rules for κ-first-order logic consists of
1. Structural rules:
(a) Identity axiom:
φ ⊢x φ
(b) Substitution rule:
φ ⊢x ψ
φ[s/x] ⊢y ψ[s/x]
where y is a string of variables including all variables occurring in the string
of terms s.
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(c) Cut rule:
φ ⊢x ψ ψ ⊢x θ
φ ⊢x θ
2. Equality axioms:
(a)
⊤ ⊢x x = x
(b)
(x = y) ∧ φ[x/w] ⊢z φ[y/w]
where x, y are contexts of the same length and type and z is any context
containing x, y and the free variables of φ.
3. Conjunction axioms and rules:
∧
i<γ
φi ⊢x φj
{φ ⊢x ψi}i<γ
φ ⊢x
∧
i<γ
ψi
for each cardinal γ < κ+.
4. Disjunction axioms and rules:
φj ⊢x
∨
i<γ
φi
{φi ⊢x θ}i<γ∨
i<γ
φi ⊢x θ
for each cardinal γ < κ+.
5. Implication rule:
φ ∧ ψ ⊢x η
φ ⊢x ψ // η
===========
6. Existential rule:
φ ⊢xy ψ
∃yφ ⊢x ψ
=========
where no variable in y is free in ψ.
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7. Universal rule:
φ ⊢xy ψ
φ ⊢x ∀yψ
=========
where no variable in y is free in φ.
8. Dual distributivity rule:
∧
g∈γβ+1,g|β=f
φg ⊢x φf β < κ, f ∈ γ
β
φf ⊣⊢x
∨
α<β
φf |α β < κ, limit β, f ∈ γ
β
∧
f∈B
∨
β<δf
φf |β+1 ⊢x φ∅
for each cardinal γ < κ+. Here B ⊆ γ<κ consists of the minimal elements of a
given bar1 over the tree γκ, and the δf are the levels of the corresponding f ∈ B.
9. Transfinite transitivity rule:
φf ⊢yf
∨
g∈γβ+1,g|β=f
∃xgφg β < κ, f ∈ γ
β
φf ⊣⊢yf
∧
α<β
φf |α β < κ, limit β, f ∈ γ
β
φ∅ ⊢y∅
∨
f∈B
∃β<δfxf |β+1
∧
β<δf
φf |β+1
for each cardinal γ < κ+, where yf is the canonical context of φf , provided that,
for every f ∈ γβ+1, FV (φf ) = FV (φf |β )∪ xf and xf |β+1 ∩FV (φf |β ) = ∅ for any
β < γ, as well as FV (φf ) =
⋃
α<β FV (φf |α) for limit β. Here B ⊆ γ
<κ consists
of the minimal elements of a given bar over the tree γκ, and the δf are the levels
of the corresponding f ∈ B.
The motivation of the transfinite transitivity rule has been explained at length in
[Esp19], to which we refer the reader.
2 Completeness of intuitionistic logic over Lκ+,κ for weakly
compact κ
Throughout this section we will always assume that κ is a weakly compact cardinal.
The κ-coherent fragment of κ-first-order logic over Lκ+,κ consists of sequents of co-
herent formulas, which are inductively built using conjunctions and disjunctions of at
most κ-many subformulas, and existential quantification on less than κ many formulas.
The axioms and rules are those involving only these quantifiers and connectives, and
instantiated only on κ-coherent formulas.
1A bar over the tree γκ is an upward closed subset of nodes intersecting every branch of the tree.
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2.1 κ-distributive lattices
In [Esp19] κ-distributive lattices were defined as an infinitary generalization of dis-
tributive lattices in such a way that they have the right property to set up a Priestley
duality theory for them. More especifically, the distributivity property was chosen so
as to allow the existence of enough κ-complete, κ-prime filters2, in the sense that they
separate points (that is, whenever a  b, there is a κ-complete, κ-prime filter containing
a but not b).
To motivate the definition, suppose we have a κ-complete lattice with the separation
property just mentioned. Consider, for γ < κ, a tree γ<γ (a γ-branching tree of height
γ) whose nodes are elements of the lattice, and with the opposite order. Assume that
the tree satisfies the following two conditions:
• the element in every node of the tree is below the join of the elements at its
immediate successors
• the element in a node at a limit level is the meet of its predecessors
If the κ-complete, κ-prime filters separate points, then the lattice must satisfy also the
following property: the element at the root of the tree is below the join of the minimal
elements at any given level of the tree (not necessarily finite). Indeed, if that was not
the case, there would be a κ-complete, κ-prime filter P sending the element at the root
to 1 and the join of the elements at some given level β of the tree to 0. But then we
could inductively define a cofinal branch in the tree composed of elements that are sent
to 1 by P , and so the element in this branch at level β would have to be one of these,
contradicting the choice of P . This motivates the following:
Definition 2.1.1. A κ-complete lattice with possibly a set of joins of κ many elements
will be called κ-distributive if for all elements {af : f ∈ κ
β, β < κ} such that
af =
∨
g∈κβ+1,g|β=f
ag
for all f ∈ κβ, β < κ, and
af =
∧
α<β
af |α
for all limit β, f ∈ κβ, β < κ, we have that the join
∨
f∈B
∧
β<δf
af |β exists and is equal
to a∅, where B ⊆ κ
<κ consists of the minimal elements of any given bar over the tree
κκ.
This strong distributivity property is, as we will see, enough to guarantee the separa-
tion property of the lattice even if we restrict ourselves to those κ-complete, κ-prime
filters that also preserve joins of κ many elements:
Proposition 2.1.2. Let κ be a regular cardinal such that κ<κ = κ. Then, any non-
trivial κ-complete, κ-distributive lattice of cardinality at most κ, with a set S of at most
2In a κ-complete lattice, a filter is κ-complete if it is closed under intersection of less than κ many
elements, and it is κ-prime if whenever a join of less than κ many elements is in the filter then one of
them must be in it.
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κ joins of κ many elements each, has a κ-complete, κ-prime filter preserving also any
join in S. Moreover, given a  b, there exists a κ-complete, κ-prime filter preserving
also any join in S, and containing a but not b (i.e., κ-complete, κ-prime filters that
preserve also the joins in S separate points).
Proof. Let L be a κ-complete, κ-distributive lattice of cardinality at most κ. We will
first show how to build a κ-complete, κ-prime filter F in L preserving also any join of
κ many elements from a set of at most κ many of these.
Start with a well-ordering f : κ × κ // κ with the property that f(β, γ) ≥ γ.For
example, the canonical well-ordering defined by induction on max(β, γ) as follows:
f(β, γ) =
{
sup{f(β′, γ′) + 1 : β′, γ′ < γ}+ β if β < γ
sup{f(β′, γ′) + 1 : β′, γ′ < β}+ β + γ if γ ≤ β
clearly satisfies the required property.
For each a ∈ L, let C(a) be the set of all tuples (bα)α<λ of elements of L such that:
• λ ≤ κ and if λ = κ then
∨
α<κ bα is in S
• a =
∨
α<λ bα.
Assume without loss of generality that C(a) is well-ordered and has order type κ,
repeating tuples, if needed (since κ<κ = κ, this is clearly possible). Then we can build
a tree of height κ whose nodes are elements of L through the following transfinite
recursive procedure. The root of the tree is the top element of L. Assuming that the
tree is defined for all levels λ < µ; we show how to define the nodes of level µ. Suppose
first that µ is a successor ordinal µ = α + 1, and let α = f(β, γ). Since by hypothesis
f(β, γ) ≥ γ, the nodes {pi}i<mγ at level γ are defined. To define the nodes at level
α + 1, we need to define the successors of a node n there; for this purpose, take then
the β − th tuple (bα)α<λ ∈ C(p) over the predecessor p of n at level γ, and define the
successors of n to be (n ∧ bα)α<λ. Suppose now that µ is a limit ordinal. Then define
every node at level µ to be the conjunction of the predecessors.
By construction, and because of the distributivity property, the join of all elements
along the minimal elements of any given bar over the subtree over any given node c is
equal to c, and hence, the join of all elements along the minimal elements of any given
bar over the tree is 1. Therefore, at least one node in that join is not 0. This readily
implies that there must exist a cofinal branch B in the tree entirely composed of nodes
that are not 0. Then we can define F by stipulating a ∈ F if and only if there is some
node b in B such that b ≤ a.
Claim : F is a κ-complete, κ-prime filter preserving all the joins in S.
1. It is clearly seen to contain 1 and not to contain 0.
2. If a ≤ b and a ∈ F then clearly b ∈ F .
3. It is closed under γ < κ conjunctions. Indeed, if for α < ν we have that bα at
level l(α) witnesses that aα ∈ F , then
∧
α<ν bα will be the node of the branch at
level supα<ν l(α), and will witness that
∧
α<ν aα ∈ F .
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4. For the primeness property, suppose that b witnesses that
∨
α<γ aα is in F . Then
we have (b∧ aα)α<γ ∈ C(b), so that by construction, for some level in the subtree
over the node b, every element c in that level will have successors of the form
b ∧ aα ∧ c, which implies, by definition, that some aα will be in F .
Let us now prove that given a  b, we can construct F in such a way that it contains
a but not b. First, construct by transfinite recursion a tree exactly as before but using
a as a root. Since a ∧ n  b, this means, with a similar argument to the one we gave
before, that there is a cofinal branch B composed of nodes c  b. We can then build F
as before, and since a ∈ B, a will be in F , but b will not. This finishes the proof.
Corollary 2.1.3. Let κ be a weakly compact cardinal. Then, in any non-trivial κ-
complete, κ-distributive lattice of cardinality at most κ, for any κ-complete filter F
disjoint from a κ-complete ideal I, there exists a κ-complete, κ-prime filter containing
F and disjoint from I
Proof. Consider the quotient L′ of the lattice L by the κ-complete filter F (such quotient
is computed as for Heyting algebras); this is a κ-complete and κ-distributive lattice,
and the image I ′ of I is a κ-complete ideal. Define a new propositional variable Pa
for each element a of L′ and consider the theory axiomatized by the following axioms:
Pd ⊢ ⊥ for each d ∈ I; Pa ⊢ Pb (for each pair a ≤ b);
∧
j∈J Paj ⊢ P
∧
j∈J aj
(for all
aj and |J | < κ); and P∨
j∈J aj
⊢
∨
j∈J Paj (for all aj and |J | < κ). Each subtheory
of cardinality less than κ involves γ < κ propositional variables, whose correspondent
elements generate a (non trivial) κ-complete sublattice of L′ of cardinality at most
2γ < κ (since every element there is of the form
∨
i<γ
∧
j<γ aij), containing, thus less
than κ many κ-complete, κ-prime filters. By what we have just proved above, the
intersection of all such κ-complete, κ-prime filters of any such sublattice is {1L′}, and
hence any such sublattice contains at least one κ-complete, κ-prime filter disjoint from
I ′. This shows that each subtheory of cardinality less than κ has a model. Since κ
is weakly compact, the whole theory has a model, which corresponds to a κ-complete,
κ-prime filter of L′ whose preimage along the quotient map provides a κ-complete,
κ-prime filter in L containing F and disjoint from I.
Corollary 2.1.3 allows to generalize the theory of Priestley duality for distributive
lattices to the infinitary case. More precisely, define a κ-space as a space with a κ-
topology, i.e., a topology where the intersection of less than κ many open sets is open.
A subbasis of a κ-space is a collection of open sets such that any open is a union of a
κ-small intersection of sets from the collection. A κ-Stone space as a Hausdorff κ-space
with a basis of clopen sets that is κ-compact: every open cover has a κ-small subcover.
We have the following:
Lemma 2.1.4. Let κ be a weakly compact cardinal. If every subbasic cover of a κ-space
X with a subbasis of cardinality at most κ has a κ-small subcover, X is κ-compact.
Proof. This is the infinitary version of the well known Alexander’s subbase lemma, and
the proof is essentially contained in [MS64]. Let L be the κ-complete, κ-distributive
sublattice of P(X) generated by the elements of the subbasis, and let B be the κ-
complete ideal L of generated by the elements of the basis. Assume that every subbasic
cover admits a κ subcover but there is a family of basic open with no basic κ-subcover
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that covers X. We will show that the family does not cover X either. By hypothesis, X
is not in B, and hence there is a proper κ-complete, κ-prime ideal I containing B. Then
no κ-subfamily of subbasic opens in I covers X, and so by hypothesis the union of all
subbasic opens in I does not cover X either. Let x ∈ X not in this union. We claim
that x is not in the union of the basic opens either. Indeed, otherwise x would belong
to an intersection of subbasic opens, and since this latter is in I, which is κ-complete,
at least one of the subbasic opens of the intersection would be in I, contrary to the
choice of x.
Lemma 2.1.5. The space of κ-complete, κ-prime filters of a κ-distributive lattice is a
κ-Stone space.
Proof. Straightforward generalization of the finitary case, making use of Proposition
2.1.3 and the infinitary version of Alexander’s subbase lemma.
A κ-Priestley space is a κ-Stone space with a partial order ≤ satisfying the usual
separation axiom: if a  b, there is a clopen upset containing a but not b. Using once
more Proposition 2.1.2, we get:
Lemma 2.1.6. The space of κ-complete, κ-prime filters of a κ-distributive lattice with
the partial order given by inclusion is a κ-Priestley space.
Theorem 2.1.7. There is a duality between the category of κ-distributive lattices and
the category of κ-Priestley spaces, given by homming into 2.
Priestley duality is useful, for example, in providing a topological proof of Rasiowa-
Sikorski lemma for distributive lattices. This was done in [Gol12], and it turns out that
this proof is adequate for its generalization to the infinitary case. Before getting to
it, we need the following infinitary version of Baire category theorem for κ-spaces: the
intersection of κ many dense open sets is dense. The proof of this latter statement, in
turn, is essentially contained in [Sik50]:
Proposition 2.1.8. (κ-Baire category theorem) Let κ be a weakly compact cardinal.
Then in the κ-space of κ-complete, κ-prime filters of a κ-complete, κ-distributive lattice
of cardinality at most κ, let a family of κ many dense open sets be given, in such a way
that the intersection of less than κ many of the sets in the family is nonempty. Then
the intersection of all the sets in the family is dense.
Proof. The κ space P of κ-complete, κ-prime filters has a basis of cardinality κ consist-
ing of clopen sets of the form φ(a)∩φ(b)c, where φ(z) is the set of κ-complete, κ-prime
filters containing the point z. By theorem (x) of [Sik50], P is homeomorphic to a subset
of the generalized Cantor space 2κ. Moreover, since P is κ-compact and 2κ is Haus-
dorff (in fact, it is a complete κ-metric space, cf. [Sik50]), such a subset is closed, and
therefore complete. Since the intersection of less than κ many of the dense open sets is
nonempty, the proof of theorem (xv) there applies mutatis mutandis to this subspace
(the proviso is necessary to be able to continue the definition of the κ-sequence beyond
limit ordinals), showing that P satisfies the κ-Baire category theorem.
We now turn to the Rasiowa-Sikorski type result. In a κ-distributive lattice L, the join∨
i<κ ai is called distributive if for any c ∈ L we have c∧
∨
i<κ ai =
∨
i<κ(c∧bi). Dually,
the meet
∧
i<κ bi is called distributive if for any c ∈ L we have
∧
i<κ(c∨bi) = c∨
∧
i<κ bi.
We can now deduce the following:
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Proposition 2.1.9. Let κ be a regular cardinal such that κ<κ = κ. Let L be a κ-
distributive lattice and suppose that {ci : i < κ} (respectively, {di : i < κ}) are sets
of joins (respectively, meets) of κ-many elements (ci =
∨
j<κ aij for each i < κ, di =∧
j<κ bij for each i < κ) that are distributive. If for each γ < κ there is a κ-complete,
κ-prime filter preserving the meets {di : i < γ}, then, given a  b, there is a κ-complete,
κ-prime filter preserving all the joins and meets and containing a but not b.
Proof. The proof is a straightforward generalization of the proof for the finitary case
given in [Gol12], which made use of Priestley duality and the Baire category theorem.
In our case, we can use the duality from Theorem 2.1.7 and Proposition 2.1.8. It is
easy to check, using distributivity, that a similar proof to the one in [Gol12] shows
here that the subset of κ-complete, κ-prime filters preserving a given join or a given
meet is open and dense. The subset of κ-complete, κ-prime filters preserving the meets
{di : i < γ}, for γ < κ being nonempty, applying Proposition 2.1.8 we get that this
is subset is, besides open, also dense (since the subset of κ-complete, κ-prime filters
preserving all the meets is itself dense). By Proposition 2.1.2, the subset of κ-complete,
κ-prime filters preserving the joins {ci : i < γ} is open and dense, and hence the subset
of κ-complete, κ-prime filters preserving the γ first joins and meets is nonempty (in
fact, dense). Applying Proposition 2.1.8 to the family {ci : i < κ} ∪ {di : i < κ}, we
get the result.
2.2 Completeness of first-order intuitionistic logic over Lκ+,κ and of
the κ+-coherent fragment
We are now going to apply to apply Proposition 2.1.9 to the lattice of formulas (not
necessarily closed) of the κ+-coherent fragment of logic. This fragment consists of
sequents of κ+-coherent formulas, and these latter are formed using only conjunctions
and disjunctions of size at most κ (provided the set of free variables of te resulting
formulas has size less than κ) and existential quantification over less than κ many
variables. The axioms are those of the full first-order fragment that only involve these
connectives and quantifiers, and where the instantiations in schemata is done on κ+-
coherent formulas only.
Consider the full Lindenbaum-Tarski algebra of all (not necessarily closed) κ+-coherent
formulas, where the order relation is given by φ(x) ≤ ψ(y) if and only if the sequent
φ(x) ⊢xy ψ(y) is provable in a previously given theory of cardinality at most κ. This
is a κ-complete lattice. Let φ ⊢x ψ be a sequent which is not provable. Consider now
the set of at most κ joins (respectively, meets) {ci =
∨
j<κ aij : i < κ} (respectively,
{di =
∧
j<κ bij : i < κ}) that appear as subformulas of the axioms of the theory or of
φ or ψ, considering for each existential subformula ∃xφ(x), also the corresponding join
over all formulas φ(x) when x ranges over all tuples of variables not appearing in φ. Let
L be the κ-complete sublattice of cardinality at most κ generated by the subformulas
of the axioms of the theory or of φ or ψ. It is clear that the set of joins and meets
considered is distributive (since the law
∧
i<γ(φ ∨ ψi)
// φ ∨
∧
i<γ ψi is a consequence
of the dual distributivity rule). Although this lattice is not κ-distributive, it is still
possible to apply Proposition 2.1.9 as long as we verify the following two conditions
used in its proof:
1. if φ  ψ, the tree built over φ by transfinite recursion has a cofinal branch
composed of formulas θ  ψ.
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2. for each γ < κ there is a κ-complete, κ-prime filter preserving the meets {di : i <
γ}.
The first condition is a consequence of the transfinite transitivity rule. Indeed, it is
enough to verify that for every bar b the join of the formulas
∧
i<δf
φf |i entails φ. But
if in the tree we replace the successors of each θ ≤ ∃xφ(x) (which are of the form φ(y)
when y ranges over all tuples of variables not appearing in φ) by the formulas ∃yφ(y),
then by transfinite transitivity we get that φ is the join of the formulas ∃yy′...
∧
i<δf
φf |i ,
so that each ∃yy′...
∧
i<δf
φf |i entails φ. Since the variables yy
′... do not appear free
in φ, they can be moved to the context by the existential quantification rule, and so in
the new context each
∧
i<δf
φf |i entails φ, as we wanted.
The second condition, on the other hand, will be a consequence of the dual distribu-
tivity rule, as seen in the following:
Lemma 2.2.1. Let κ be a weakly compact cardinal. Given a  b in L, for each γ < κ,
there is a κ-complete, κ-prime filter preserving the meets {di : i < γ} and containing a
but not b.
Proof. Let xi be the free variables of di, and define x = ∪i<γxi. Consider the κ-
complete, κ-distributive sublattice L′ generated by a, b, di and bij for i < γ, j < κ.
Since all formulas in L′ have free variables amongst x, the dual distributivity rule
implies that the dual lattice (L′)∗ is κ-distributive, and so by Proposition 2.1.2, there
exists a κ-complete, κ-prime filter F ′ of L′ preserving the meets {di : i < γ} and
containing a but not b. We will extend F ′ to a κ-complete, κ-prime filter F of L that
still preserves the given meets and does not contain b. Let {dil : l < δ ≤ γ} be the
set of those meets that do not belong to F ′. Since this latter preserves them, there
are nonempty subsets Sil ⊆ {bilj : j < κ} not in F
′. Let G be the κ-complete filter
of L generated by F ′, and let I be the κ-complete ideal of L generated by b and the
elements in all the Sil for l < δ. Using the κ-primeness (in L
′) of F ′, it is easy to see
that G ∩ I = ∅. Since κ is weakly compact, by Corollary 2.1.3, there is a κ-complete,
κ-prime filter F of L containing G (and hence F ′) and disjoint from I. Therefore, F
still preserves all the meets {di : i < γ}.
Corollary 2.2.2. If κ is weakly compact, κ+-coherent theories of cardinality at most
κ are complete with respect to set-valued models of cardinality at most κ.
Proof. Let φ ⊢x ψ be a sequent which is not provable in the theory. Form the lattice
L as before. Each existential formula ∃xφ(x) is a κ+-join of the formulas φ(t), where
t ranges over all tuples of terms. By Lemma 2.2.1 and the discussion above about the
applicability of Proposition 2.1.9, there is a κ-complete, κ-prime filter F preserving
all κ+-joins and meets appearing in axioms of the theory or in φ or ψ (including κ+
joins arising from existential quantification), and containing φ but not ψ. Consider
the structure whose underlying set consists of all terms of the language, and where an
atomic formula R(t) holds if and only if R(t) is in F . Then such a structure is a model
of the theory of cardinality at most κ where the sequent φ ⊢x ψ does not hold.
Remark 2.2.3. Corollary 2.2.2 is optimal with respect to the size of the theory. Indeed,
by a result of Specker (see [Spe49]), if κ<κ = κ there is a κ+-Aronszajn tree, for which
the theory of a cofinal branch is a consistent κ+-coherent theory of cardinality κ+ which
has no models.
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Having now at hand a completeness theorem for κ+-coherent theories, we can adapt
the proof of Joyal’s completeness theorem (see [MR77]) by replacing the category of
coherent models with that of κ+-coherent models. As a result, we get:
Theorem 2.2.4. If κ is weakly compact, intuitionistic first-order theories over Lκ+,κ
of cardinality at most κ are complete with respect to Kripke models.
Proof. Consider the syntactic category C of the κ+-coherent Morleyization Tm of the
theory T (cf. [Esp19]). Let Coh(C) be the category of κ+-coherent models of Tm
of size at most κ, and where arrows are model homomorphisms. We have a functor
ev : C //SetCoh(C) sending an object A to the evaluation functor ev(A). It is clear that
this functor is κ+-coherent, and by Corollary 2.2.2, it is also conservative. We must
prove that ev also preserves ∀.
Given an arrow f : A //B, a subobject C ֌ A and the subobject Y = ∀f (C)֌ B,
we need to show that ev(Y ) = ∀ev(f)(ev(C)) as subobject of ev(B). By the definition of
∀ in the Heyting category SetCoh(C), this reduces to proving the following equivalence,
for every y ∈ ev(B)(M) =M(B):
y ∈ ev(Y )(M) ⇐⇒ For every model N, for every model homomorphism
φ :M //N,
(ev(f)N )
−1(φB(y)) ⊆ ev(C)(N)
that is:
y ∈M(Y ) ⇐⇒ For every model N, for every model homomorphism
φ :M //N,
(N(f))−1(φB(y)) ⊆ N(C)
The implication =⇒ can be proven as follows: if y ∈ M(Y ), then φB(y) ∈ N(Y ),
and so, since N is κ-coherent, φB(y) = N(f)(x) gives x ∈ N(f)
−1(N(∀f (C))) =
N(f−1∀f (C)) ⊆ N(C).
Let us focus on the other implication. Consider the following diagram in C:
C = [x, θ]


∀f (C) = [y, γ]


A = [x, φ]
f=[xy,λ]
// B = [y, ψ]
Applying the functor ev and evaluating at a model M gives the diagram:
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{d|M  θ(d)}


{c|M  γ(c)}


{d|M  φ(d)}
{d,c|Mλ(d,c)}
// {c|M  ψ(c)}
Given c ∈ ∀ev(f)(ev(C)), we need to prove that M  γ(c). Consider the positive dia-
gram of M , Diag+(M), which, in a language extended with constants c for every ele-
ment c of the underlying set ofM , consists of all sequents of the form⊤ ⊢ ψ(c0, ..., cα, ...)
for every positive atomic ψ such that M  ψ(c0, ..., cα, ...) (we identify the constants
symbols with the elements of M , to simplify the exposition). If N ′ is a model of
Th(M) of size at most κ, then, defining N as the reduct of N ′ with respect to the
elements {cN
′
: c ∈ M} we can define φ : M // N by φ(c) = cN
′
, which is a
well defined model homomorphism. But we know that for all φ : M // N one has
N(f)−1(φB(c)) ⊆ N(C). This implies that for all modelsN
′ of Th(M) of size at most κ,
the sequent λ(x, c/y) ⊢x θ(x) holds, and therefore, the sequent ψ(c)∧λ(x, c/y) ⊢x θ(x)
also holds.
By Corollary 2.2.2, this means that such a sequent is provable in Th(M). Be-
sides sequents in Tm, this proof uses at most κ sequents of the general form ⊤ ⊢
φi(c, c0, ..., cα, ...), where the φi are positive atomic sentences corresponding to the di-
agram of M and the ci are elements of M . Considering the conjunction ξ of the φi, we
see that there is a proof in Tm from ⊤ ⊢ ξ(c, c0, ..., cα, ...) to ψ(c) ∧ λ(x, c/y) ⊢x θ(x).
By the deduction theorem, since ξ(c, c0, ..., cα, ...) is a sentence, we obtain in Tm a
derivation of ξ(c, c0, ..., cα, ...) ∧ ψ(c) ∧ λ(x, c/y) ⊢x θ(x). But it is always possible
to replace the constants by variables as long as they are added to the contexts of the
sequents, so we have also a derivation of ξ(y, c0, ..., cα, ...) ∧ ψ(y) ∧ λ(x,y) ⊢xy θ(x).
Calling Y ′ = [y,Φ(y)] the subobject of B given by the interpretation in C′ (the syntac-
tic category of Tm over the extended language) of the formula ξ(y, c0, ..., cα, ...)∧ψ(y),
we have a proof of the sequent Φ(y) ∧ λ(x,y) ⊢xy θ(x), and hence also of the sequent
∃y(Φ(y)∧ λ(x,y)) ⊢x θ(x). Now the antecedent is precisely the pullback (in C
′) of the
subobject Φ(y) of B along f , so by adjunction we have Y ′ ≤ ∀f (C) = [y, γ] (note that,
as seen by direct computation, ∀f (C) is [y, γ] both in C and C
′). This means that the
sequent Φ(y) ⊢y γ(y) is provable in the theory Tm over the extended language. ButM
can be extended to a model of Th(M) (and hence to a model of Tm over the extended
language) by adequately interpreting the constants. Therefore, since this extension
satisfies M  Φ(c), it follows by soundness that M  γ(c), as we wanted to prove.
Corollary 2.2.5. Infinitary first-order intuitionistic logic over Lκ+,κ with at least one
constant symbol has the disjunction and existence properties. That is, if the sequents∨
i<κ φi (respectively ∃xφ(x)) are provable, there is i < κ and closed terms t such that
the sequents φi (respectively φ(t)) are already provable.
Proof. This uses the same semantic proofs as in the case of Lκ,κ, cf. [Esp19].
Remark 2.2.6. Theorem 2.2.4 is a direct generalization of the completeness theorem
for intuitionistic first-order logic over Lω1,ω of [Nad78]. The transfinite transitivity
property for κ = ω is provable from the rest of the axioms (cf. [Esp19]), and dually, the
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dual distributivity rule reduces, when κ = ω, to the law
∧
i<γ(φ ∨ ψi)
// φ ∨
∧
i<γ ψi.
Thus, Nadel’s completeness theorem extends to every weakly compact cardinal.
2.3 Completeness of first-order intuitionistic logic over Lκ+,κ,κ
When restricting ourselves to a language where only conjunctions of less than κ many
formulas are allowed, Proposition 2.1.9 (with an empty set of meets of κmany elements)
is enough to derive Corollary 2.2.2, and therefore the hypothesis of weak compactness
can be dropped, requiring only that κ be regular and satisfies κκ = κ. Discarding
the dual distributivity rule (which involves conjunctions of κ many formulas), we thus
obtain a result that was already stated in [Esp19]:
Theorem 2.3.1. The (κ+, κ, κ)-coherent fragment is complete with respect to set-valued
models.
Finally, using Theorem 2.3.1, we can adapt the proof of completeness for infinitary
intuitionistic logic to this restricted language to get the following:
Theorem 2.3.2. If κ is regular and κ<κ = κ, intuitionistic first-order theories over
Lκ+,κ,κ of cardinality at most κ are complete with respect to Kripke models.
Proof. Only minor modifications to the proof of Theorem 2.2.4 are needed. We apply,
as before, the completeness theorem 2.3.1 to the syntactic category C of the theory
in Lκ+,κ,κ. We consider now C
′ to be the syntactic category of the same theory, but
considered now in the extended language Lκ+,κ (i.e., allowing again conjunctions of κ
many formulas). Clearly, every set model of C can be extended to a model of C′. Now,
calling, as before, Y ′ = [y,Φ(y)] the subobject of B given by the interpretation in C′
of the formula ∃x0, ..., xα, ...ξ(y,x0, ...,xα, ...) ∧ ψ(y), we have a proof of the sequent
Φ(y) ∧ λ(x,y) ⊢xy θ(x), and hence also of the sequent ∃y(Φ(y) ∧ λ(x,y)) ⊢x θ(x).
This readily implies that Y ′ ≤ ∀f (C) = [y, γ] (as before, ∀f (C) is [y, γ] both in C and
C′). Since M can be extended to a model of C′, this extension satisfies M  Φ(c), and
it follows by soundness that M  γ(c), as we wanted to prove.
As a final comment, it should be clear now that this method of proof also solves a
problem left open in [Esp19]:
Theorem 2.3.3. If κ is inaccessible, intuitionistic first-order theories of cardinality
less than κ over Lκ,κ are complete with respect to Kripke models. As a consequence,
Heyting cardinals are precisely the inaccessible cardinals.
Proof. This essentially follows from Proposition 3.1.3 in [Esp19] (which only requires
validity in a set of models of cardinality less than κ to derive provability) by similar
arguments to those in the proof of Theorem 2.3.2. The theory of the model M can be
axiomatized as a sentence in a less restrictive logic (giving rise to the category C′) and
M itself can be extended to a model of C′. We leave the details for the reader.
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